Partial order on a family of k-subsets of a linearly ordered set  by Gervacio, Severino V. & Maehara, Hiroshi
Discrete Mathematics 306 (2006) 413–419
www.elsevier.com/locate/disc
Partial order on a family of k-subsets of a linearly ordered set
Severino V. Gervacioa, Hiroshi Maeharab
aDe La Salle University, Manila, Philippine
bRyukyu University, Okinawa, Japan
Received 1 September 2005; received in revised form 2 December 2005; accepted 8 December 2005
Available online 21 February 2006
Abstract
For k-subsets A,B of the rationals Q, deﬁne AnB if a >b holds for at least n ordered pairs (a, b) ∈ A × B, where k, n are
integers, 1nk2. We prove that (1) the relation n is transitive if and only if k2 − k + 1n, and (2) there is a cyclic sequence
A1nA2n · · · nArnA1 of k-subsets of Q if and only if 1nk2 −(k+1)2/4. We also investigate the length of such cyclic
sequences.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
In a usual inter-high-school GO competition, matches are played between teams, where each team represents one
high school. Every team consists of three players; the ﬁrst player, the second player, and the third player. A team with
the ﬁrst player a1, the second player a2, and the third player a3 is written as (a1, a2, a3). In the match between two
teams A = (a1, a2, a3) and B = (b1, b2, b3), three games are played simultaneously between a1 and b1; a2 and b2; a3
and b3. If the members of A win at least two games, then we say the team A beats the team B and write A  B. The
team of the ﬁrst place is determined by a tournament.
This relation  between teams is not transitive, even if the order of the strength in GO game among the players is
transitive. For example, (6, 5, 4)  (3, 2, 9)  (1, 8, 7)  (6, 5, 4), where members are represented by numbers; the
larger, the stronger.
In this note, we consider a slightly modiﬁed version. Let each team consist of k members, and in a match between
two teams A and B, each member of A plays games against all members of B. Thus, in total, k2 games are played
between the members of A and B. If the members of A win at least a certain number of games among these k2 games,
then we deﬁne the team A beats B.
For k = 3, this type order (or relation) appeared in the book of Niven [2, p. 12] as an exercise.
To make things clear, let k1 be an integer, and let
(
Q
k
)
denote the family of all k-subsets of the set Q of all rational
numbers. For A,B ∈
(
Q
k
)
and 1nk2, we deﬁne AnB if the relation a >b holds for at least n ordered pairs
(a, b) ∈ A × B. Let D(k, n) denote the digraph with vertex set
(
Q
k
)
and arc set
{
AB : A,B ∈
(
Q
k
)
, AnB
}
.
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Let us call D(k, n) transitive if the existence of two arcs AB and BC implies the existence of the arc AC in D(k, n).
Thus, D(k, n) is transitive if and only if the relation n in
(
Q
k
)
is transitive. The digraph D(k, n) is called acyclic if it
contains no directed cycle.
We are going to consider the following problems:
• For what values of n is D(k, n) a transitive digraph?
• For what values of n is D(k, n) acyclic?
• How long can a chordless directed cycle in D(k, n) be?
The paradox of ‘nontransitivity’ has been studied by many authors with some interests. Trybula showed in [5]
that there are three random variables X, Y,Z such that Pr(X >Y),Pr(Y >Z),Pr(Z >X) are all greater than 12 , and
considered in [6] the case ofn(> 3) randomvariables. BradleyEfron discovered a remarkable set of four diceA,B,C,D
(see [1, Chapter 5]). The numbers on the faces of the dice are: A → (0, 0, 4, 4, 4, 4), B → (3, 3, 3, 3, 3, 3), C →
(2, 2, 2, 2, 6, 6),D → (1, 1, 1, 5, 5, 5). Thus, by abusing our notation, we can write A24B24C24D24A. Hence,
if the dice are rolled, then each probabilities (A beats B, B beats C, C beats D, D beats A) is at least 2436 = 23 . Savage
[3] considered three disjoint n-subsets of the integers corresponding to three nontransitive dice A,B,C, each having
n faces, and proved that the minimum value of the probabilities (A beats B, B beats C, and C beats A) is less than
(
√
5 − 1)/2. Tenny and Foster [4] considered a set of cyclically dominating d dice, each having s faces, and proved
that the maximum value of the probabilities Pr (ith die beats (i + 1)th die), i = 1, 2, . . . , d with d + 1 ≡ 1, is at most
(3s2 − 2s)/4/s2.
2. When is D(k, n) transitive?
For every ﬁnite set X ⊂ Q, we denote by X(i) the ith smallest number in X. For example, if X = {1, 4, 3, 5}
then X(3) = 4; the second smallest number in B ∈
(
Q
k
)
is B(2). For A,B ∈
(
Q
k
)
, we write A>B (resp. AB) if
A(i)>B(i) (resp. A(i)B(i)) holds for all i = 1, 2, . . . , k.
Let A,B be two k-sets and a ∈ A. We deﬁne g(a, B) = |{b ∈ B : a >b}|, and g(A,B) = ∑a∈Ag(a, B). Thus
AnB if and only if g(A,B)n.
Lemma 1. For A,B,C ∈
(
Q
k
)
, AnB and BC imply AnC.
Proof. Since B(i)C(i) for all i, we have g(a, B)g(a, C) for all a ∈ A. Hence, g(A,C) = ∑a∈Ag(a, C)∑
a∈Ag(a, B) = g(A,B)n. 
Lemma 2. Let A,B ∈
(
Q
k
)
and suppose k2 − k + 1nk2. Then AnB implies that A>B.
Proof. If k = 1 then the lemma is obvious. Suppose that k2. Let 1rk and suppose that A(r)B(r). Then
g(A(r), B)r − 1 and in fact g(A(i), B)r − 1 for all ir . Therefore, ∑ig(A(i), B)r(r − 1) + (k − r)k =
k2 − kr + r2 − r . Hence k2 − k + 1nk2 − kr + r2 − r . This gives us 1 + (k − r)(r − 1)0, which is a
contradiction. 
Theorem 1. The digraph D(k, n) is transitive if and only if
k2 − k + 1nk2.
Proof. First we show that if k2 − k + 1nk2, then n is transitive. Let A,B,C be k-subsets such that AnBnC.
Then, by Lemma 2, we have B >C. Hence, by Lemma 1, AnC.
Now we show that for 1nk2 − k, the relation n is not transitive.
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Let j = k2 − n. Then kjk2 − 1, and for any pair A,B of disjoint k-sets, AnB holds if and only if
g(B,A)j . Put
j = k + i (1< k, 0 i < k).
Let M = 3k, t = 1/M , and deﬁne three disjoint k-sets A,B,C as follows:
A = {M, 2M, 3M, . . . , kM},
B =
⎧⎨
⎩M + 1,M + 2, . . . ,M + k −  − 1︸ ︷︷ ︸
k−−1
, A(i) + k,A( + 1) + 2k,
A(k) + 1, A(k) + 2, . . . , A(k) +  − 1︸ ︷︷ ︸
−1
⎫⎬
⎭ ,
C =
⎧⎨
⎩M + t,M + 2t, . . . ,M + (k −  − 1)t︸ ︷︷ ︸
k−−1
, B(i + 1) − t/2,
B(k) + 1, B(k) + 2, . . . , B(k) + ︸ ︷︷ ︸

⎫⎬
⎭ .
Then we have g(B,A)= k − − 1+ i + + 1+ k(− 1)= k + i, and since g(B(i + 1)− t/2, B)= i, we also have
g(C,B) = k + i. Hence, AnB and BnC.
If ik − − 1, then since g(B(i + 1)− t/2, A)1, we have g(C,A)k − − 1+ 1+ k> k + i, which implies
that AnC. If i > k − − 1, then B(i + 1) max{A(i)+ k,A(+ 1)+ 2k}. Therefore, g(B(i + 1)− t/2, A)+ 1,
and hence g(C,A)k −  − 1 +  + 1 + k = k + k > k + i. Thus AnC. 
3. When is D(k, n) acyclic?
Lemma 3. If k2 − ((k + 1)/2)2 + 1nk2, then for A,B ∈
(
Q
k
)
, AnB implies that
A
(⌈
k + 1
2
⌉)
>B
(⌈
k + 1
2
⌉)
.
Proof. If A ∩ B 
= ∅, then choose a sufﬁciently small rational number > 0, and replace B by the set
{b +  : b ∈ A ∩ B} ∪ (B\(A ∩ B)).
Then g(A,B) does not change by this replacement. Thus, it will be enough to show the lemma when A ∩ B = ∅.
Now, suppose A((k + 1)/2)B((k + 1)/2). Then, since A,B are disjoint, we have a strict inequality
A((k + 1)/2)<B((k + 1)/2), and
g(B,A)
⌈
k + 1
2
⌉(
k −
⌈
k + 1
2
⌉
+ 1
)
=
⌈
k + 1
2
⌉⌊
k + 1
2
⌋
=
⌊(
k + 1
2
)2⌋
.
(The last equality can be easily veriﬁed.) Therefore,
g(A,B)k2 −
⌊(
k + 1
2
)2⌋
<k2 −
(
k + 1
2
)2
+ 1n,
which implies AnB. 
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Theorem 2. The digraph D(k, n) is acyclic if and only if
k2 −
(
k + 1
2
)2
+ 1nk2 − k.
Proof. First, suppose that k2 − ((k + 1)/2)2 + 1nk2 − k. We show that D(k, n) is acyclic. Suppose that
A1nA2n · · · nArnA1
holds for some A1, A2, . . . , Ar ∈
(
Q
k
)
. Then by Lemma 2, we have
A1
(⌈
k + 1
2
⌉)
>A2
(⌈
k + 1
2
⌉)
> · · ·>Ar
(⌈
k + 1
2
⌉)
>A1
(⌈
k + 1
2
⌉)
,
a contradiction. Thus, D(k, n) is acyclic.
Next, put m = k2 − ((k + 1)/2)2, and suppose nm. We are going to show by construction that D(k, n) has a
directed cycle.
If A1mA2m . . .mArmA1 holds for some A1, . . . , Ar ∈
(
Q
k
)
, then A1nA2n · · · nArnA1 holds all the
more. Hence, it is sufﬁcient to show that D(k,m) has a directed cycle.
Since (k + 1 − x)x((k + 1)/2)2 holds for any real number x, the inequality
(k + 1 − i)i
⌊(
k + 1
2
)2⌋
holds for any integer i. If two disjoint k-sets X, Y satisfy
Y (i − 1)<X(1), X(i)<Y(i), Y (k)<X(i + 1), (∗)
for some 1 ik, where, Y (0) := −∞ and X(k + 1) := ∞, then
g(Y,X) = (k + 1 − i) i
⌊(
k + 1
2
)2⌋
,
and g(X, Y ) = k2 − g(Y,X)k2 − ((k + 1)/2)2 = m. Thus, (∗) implies XmY .
Now, to show how to construct a directed cycle in D(k,m), we consider the case k = 6. Then m = 36 −  494  = 24.
Let
A1 = {16, 17, 18, 19, 20, 21},
A2 = {11, 12, 13, 14, 15, 42},
A3 = {7, 8, 9, 10, 40, 41},
A4 = {4, 5, 6, 37, 38, 39},
A5 = {2, 3, 33, 34, 35, 36},
A6 = {1, 28, 29, 30, 31, 32},
A7 = {22, 23, 24, 25, 26, 27}.
Fig. 1 shows the plottings of A1, A2, . . . , A7 on the lines to make clear the order of magnitude of their members.
By checking the condition (∗) (consult Fig. 1), we can deduce that Ai24Ai+1 for i = 1, 2, . . . , 6 and A724A1.
Similar constructions are clearly possible for any k > 1. Hence, if nk2−((k+1)/2)2, thenD(k, n) has a directed
cycle. 
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Fig. 1. A directed cycle in D(6, 24).
4. Chordless cycles in D(k,m)
Recall that
m = m(k) = k2 −
⌊
(k + 1)2
4
⌋
.
Theorem 2 states that D(k, n) has a directed cycle if and only if nm(k). The following table shows the values of
(k + 1)2/4 and m for 2k15.
We consider here the length of a chordless directed cycle in D(k,m). It will be clear that every chordless directed
cycle of D(2, 2) has length 2.
Theorem 3. The digraph D(3, 5) has no chordless directed cycle of length greater than 6.
Proof. Let A1A2 . . . AnA1 be a chordless cycle of D(3, 5). Suppose that n7.
(1) Every nonconsecutive pairAi andAj have nonempty intersection. For otherwise, since g(Ai, Aj )+g(Aj ,Ai)=9,
wehave eitherg(Ai, Aj )5org(Aj ,Ai)5,which contradicts the assumption thatA1A2 . . . AnA1 is a chordless
cycle.
(2) For any i 
= j , |Ai ∩ Aj |1. To see this, suppose |Ai ∩ Aj |2. Then AiAj or Aj Ai . Hence, Ai−15Aj
or Aj−15Ai holds, contradicting being chordless.
(3) If s ∈ Ai ∩ Ai+1, then Ai() = s = Ai+1() for some  
= . To see this, suppose that Ai() = s = Ai+1() for
some  ∈ {1, 2, 3}. Then AiAi+1, and hence we have Ai−15Ai+1, a contradiction.
(4) Conversely, if s ∈ Ai ∩ Aj and Ai() = s = Aj() for < , then Ai5Aj holds, and hence Ai and Aj are
consecutive.
(5) Therefore, if Ai and Aj are nonconsecutive, then Ai() = Aj() for some  ∈ {1, 2, 3}.
Now, since Ai ∩A6 
= ∅ for i =1, 2, 3, 4, we can conclude that some three members A,B,C of A1, A2, A3, A4, A6
contain the same number s. Then it follows from (3) and (4) that A,B,C are mutually nonconsecutive. Thus, A() =
B() = C() = s for some . Since the relation  should not hold between A,B,C, the three sets A − {A()},
B − {B()}, C − {C()} are ‘nested’ in the following sense:
If =1, thenA(2)<B(2)<C(2)<C(3)<B(3)<A(3). If =2, thenA(1)<B(1)<C(1)<C(3)<B(3)<A(3).
And if  = 3 then A(1)<B(1)<C(1)<C(2)<B(2)<A(2). In these cases, however, C5D implies that one of the
relations A5D,B5D,D5A,D5B holds as easily veriﬁed, a contradiction. 
When we consider whetherAmB or not, only the orders of the numbers inA∪B are relevant. So, we may represent
k-sets by their plottings on lines like Fig. 1. It will be more convenient to use a diagram. For example, three 7-sets
corresponding to the plottings can be represented by the following diagram:
In the four examples that follow, we may refer to Table 1 for the values of m(k).
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Table 1
The values of m = m(k)
k 2 3 4 5 6 7 8 9 10 11 12 13 14 15⌊
(k + 1)2
4
⌋
2 4 6 9 12 16 20 25 30 36 42 49 56 64
m 2 5 10 16 24 33 44 56 70 85 102 120 140 161
Example 1. For every r2, the digraph D(4, 10) has a chordless directed cycle of length 2r + 1.
The following diagram shows a pattern how to construct such a chordless cycle of length 2r + 1 in D(4, 10).
Example 2. For every r6, the digraphs D(5, 16),D(6, 24) have chordless directed cycles of length r .
Following diagrams show patterns how to construct such chordless cycles in D(5, 16) and D(6, 24).
Example 3. For any r2, D(7, 33) has a chordless directed cycle of length 2r + 1.
The following diagram shows how to construct such chordless cycle.
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Example 4. For any r6, the digraph D(8, 44) has a chordless directed cycle of length r .
The following table shows how to construct such chordless cycle.
From Examples 1–4, we have the following theorem.
Theorem 4. The length of a chordless directed cycle in D(k,m) is not bounded for k = 4, 5, 6, 7, 8.
Remark 1. We believe that this theorem is true for every k4, but it seems difﬁcult to give a general construction of
arbitrary long chordless directed cycle.
Remark 2. If n> k2, then D(k, n) has no directed 3-cycle, where  denotes the golden ratio (
√
5 − 1)/2.
This can be seen as follows: suppose that n> k2 and that D(k, n) has a directed 3-cycle AnBnCnA. Then,
if we regard A,B,C as three dice with k faces, and if we roll them, the probabilities (A beats B, B beats C, C beats
A) are all greater than or equal to n/k2 > . This contradicts the result proved by Savage [3] that at least one of the
probabilities (A beats B, B beats C, C beats A) is less than .
5. Concluding remark
We can replace the set of rationals Q by any inﬁnite subset L of Q. That is, our results hold for
(
L
k
)
.
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